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Abstract. We establish the proportionality principle between the Rie- 
mannian volume and locally finite simplicial volume for Q-rank 1 lo- 
cally symmetric spaces covered by products of hyperbolic spaces, giving 
the first examples for manifolds whose cusp groups are not necessarily 
amenable. Also, we give a simple direct proof of the proportionality 
principle for the locally finite simplicial volume and the relative simpli- 
cial volume of Q-rank 1 locally symmetric spaces with amenable cusp 
groups established by Loh and Sauer [26]. 



Gromov introduced the simplicial volume ||M|| of closed manifolds in the 
beginning of the 80's and established the following general proportionality 
principle for closed manifolds. 

Theorem 1.1 (Gromov-Thurston [14, 29]). Let (M,g) be a closed Riemann- 
ian manifold. Then there exists a constant c(M,g) € ]R>oU{+oo} depending 
only on the universal cover (M,g) such that 



This fundamental principle, which gives an alternative for the Hirzebruch 
proportionality principle in odd dimension, allows, whenever ||M|| ^ 0, to 
consider the Riemannian volume of manifolds with a fixed universal cover 
as a topological invariant. 

For symmetric spaces of noncompact type, the proportionality constant 
is easily seen to be equal to the sup norm Hw^Hoo € M>o of the volume 

form ujj^ € i/™(Isom(M)) (see [6]). The fact that in the compact case, 




the simplicial volume of locally symmetric spaces of non compact type is 
strictly positive was established by Lafont and Schmidt (see also [28] and 
[5] for the case of locally SL(3,R)/SO(3) factors) answering a conjecture of 
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Gromov. As a consequence the proportionality constant ||wtj||oo is finite for 

symmetric spaces M of noncompact type. 

For open manifolds, the natural generalization of the simplicial volume, is 
the ^ 1 -norm of the locally finite fundamental class of M, which we denote by 
1 1 M || if (see Section 2 below for the definition). It is however in general not 
well behaved as far as the proportionality principle is concerned. Indeed, 
Gromov showed [14] that ||Mi x M2 x M3||if = for any open manifolds 
M\, M2, M3. Loh and Sauer generalized this vanishing result for symmetric 
spaces by showing that ||M||if = for any Q-rank > 3 locally symmetric 
space [25]. On the positive side, Gromov and Thurston noted that the pro- 
portionality principle holds for the locally finite simplicial volume of com- 
plete hyperbolic manifolds of finite volume. This result was extended by 
Loh and Sauer to symmetric spaces with amenable cusp fundamental group 
[26], which includes all R-rank 1 symmetric spaces and covers some Q-rank 
1 symmetric spaces, such as Hilbert modular varieties. A further gener- 
alization to Riemannian manifolds with amenable boundary has just been 
provided by the third author and Kuessner [19]. 

Loh and Sauer's proof is based on a discrete approximation of smearing 
in measure homology and on Gromov's equivalence theorem [14, page 57], 
which has just recently admitted a straightforward (and complete) proof 
[9]. The proof in [19] builds on Gromov's theory of multicomplexes [14, 
Section 3] and the duality between ^-homology and bounded cohomology. 
We propose an alternative complete self contained proof based on standard 
techniques from bounded cohomology. We recall the precise statement of 
Loh and Sauer's result which involves also the relative simplicial volume 
whose definition is given in Section 2: 

Theorem 1.2 ([26]). Let V be a compact manifold with boundary dV such 
that its interior M = Int(V) is a complete finite volume locally symmet- 
ric space. If the fundamental group of any connected component of dV is 
amenable, then 

|| F , aF | M |M||„ = ^. 

Corollary 1.3 ([26]). Let M be as in the theorem. Then 

||M||if > 0. 

Other important consequences include the existence of degree theorems 
or positivity of the minimal volume (see [26]). 

Note that in the case of a hyperbolic manifold V of dimension > 3 with 
geodesic boundary V, Jungreis [17] and Kuessner [20] showed the strict 
inequality ||V, dV\\ < [uj~tt • (See also [13] for a proof that this strict 
inequality is optimal.) 
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The proportionality principle in Theorem 1.2 is established only for the 
case that a compact manifold V has amenable ends. The following theo- 
rem implies that the proportionality principle may hold even though the 
fundamental group of a connected component of dV is not amenable. 

Theorem 1.4. Let M be a Q-rank 1 locally symmetric n-space covered 
by a product of M-rank 1 symmetric spaces. Let H be the isometry group 
of the universal cover M of M. Suppose that the comparison map c : 
H™ b (H,M. E ) — > Hc(H,M. e ) is an isomorphism. Then 

Vol(M) 



Ml 



The cohomology groups will be introduced in Section 4. Note that the 
comparison map is known to be surjective in top degree, while its injectivity 
is only conjecturally true. When M is the real hyperbolic n-space (n > 2), 
the injectivity was established in [8]. Since the proof of the validity of the 
Kiinneth formula passes to bounded cohomology, the following corollary is 
immediate: 

Corollary 1.5. Let M be a Q-rank 1 locally symmetric n-space covered by 
a product of real hyperbolic spaces HP 1 x ... x M nk with n\, > 2. Then 

HMII,, = „ V °" M > „ . 



Wl" 1 x...xH"fc 



Theorem 1.4 and Corollary 1.5 in particular hold for reducible Q-rank 1 
locally symmetric spaces. Note that a reducible Q-rank 1 locally symmetric 
space is a product of an irreducible Q-rank 1 locally symmetric space and 
closed locally symmetric spaces. Hence, it is easy to see that each component 
of its ends does not have amenable fundamental group. To our knowledge, 
this gives the first class of examples of Q-rank 1 locally symmetric spaces for 
which the proportionality principle is known without the assumption that 
the fundamental group of each component of their ends is amenable. 

On the proofs. The idea of the proof of Theorem 1.2 is as follows. Let 
ojm € H" pct (M) be the top dimensional compact support cohomology class 
which equals to the volume of M when evaluated on the locally finite fun- 
damental class [M]if G iT„ (M) (see Sections 2 and 3 for more details). Two 
seminorms ||u>Af||oo and H^mII 00 are defined on H™ pct (M) and it is a simple 
consequence of the Hahn-Banach theorem (see [14], [24] or Theorems 3.2 
and 3.3 here) that 

Vol(M) , Vol(M) 
M hf = - — and \\V,dV \\ = T . — -rr 1 . 

||^m||°° ||wm||oo 

To prove Theorem 1.2 we hence just need to show that 



oo = W^MW = W 
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as stated in Proposition 3.4. In case M is closed, the compact support 
cohomology of M is nothing else than the usual singular cohomology, the 
norms ||wjvf||oo an d H^jull 00 are easily seen to be equal and the equality 
1 1 wm I |oo = ||<^juf||<x> follows from the fact that the top dimensional isomor- 
phism 

#™(Isom(M)) -> # n (7Ti(Af)) ^ H n (M) 

is isometric (see [6] for more details on the compact case). 

If M is noncompact, then H n (iri(M)) = H n (M) = and the above 
approach fails. We choose to pass instead to bounded cohomology. We 
introduce transfer maps 

H^ b (M) ^ H- b (G,R) 

c c 

H«JM) #?(G,R) 

directly on the compact support cohomology in such a way that the un- 
bounded transfer map agrees with the de Rham transfer (see Section 5) and 
hence sends the volume class ojm to u^. Our proof amounts to showing 
that the transfer map 

trans : H™ pct (M) ► fl£(G,R) 

is an isometric isomorphism in top dimension. 

Transfer maps in cohomology are the dual analogue of smearing in homol- 
ogy, but the cohomology approach has the striking advantage that it does 
not rely on the technical and difficult fact that measure homology is isometri- 
cally isomorphic to ^-homology. Instead, all our proofs are straightforward 
and self contained. 

The proof of Theorem 1.4 is a development of ideas of [18], where the 
positivity of the simplicial volume for Q-rank 1 lattices lying in the prod- 
uct of ]R-rank 1 simple groups is proven. The injectivity of the comparison 
map allows to conclude that H^mII 00 < ll w £jrlloo (compare with the inequal- 
ity II^a/II 00 < || 0|| oo < +oo, where is one particular bounded cocycle 
representing oj^ established in [18] for the mere positivity of the simplicial 
volume), and the other inequality is proven in Section 5.3 for the proof of 
Theorem 1.2. 

Structure of the paper. We recall some basics of locally finite and relative 
homology in Section 2, cohomology with compact support in Section 3 and 
continuous group cohomology in Section 4. We introduce our new transfer 
maps in Section 5 and establish there a few simple properties, in particular 
the first inequality of Proposition 3.4. In Section 6, we prove the second 
inequality of Proposition 3.4 by exhibiting a norm nonincreasing cohomology 
map /* : H b (iri(M)) — > H* pctb (M) induced by a cusp map. This map 
should be of independent interest. Finally, the proof of Theorem 1.4 is 
given is section 7 
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2. Locally finite and relative homology 

Let M be a manifold. Borel and Moore [3] introduce a homology theory 
for locally compact spaces, called the Borel-Moore homology. There are 
several ways to describe this homology theory and we will define it here 
as the homology of the locally finite chain complex of M and call this the 
locally finite homology of M. 

Let R be a field of characteristic zero. The locally finite chain complex 
C^(M,R) of M with coefficients in R is defined by the chain complex of 
infinite singular chains c = ai(Ti wnere a i is a singular simplex, aj € R 
and the sum is locally finite in the following sense: Any compact subset of 
M intersects the image of only finitely many singular simplices occurring 
in c. The usual boundary map d on the singular chains is well-defined on 
C^(M,R). Then, the locally finite homology H^(M,R) with coefficients in 
R is defined by 

H l f(M,R)=H*(C*(M,R),d). 

For compact manifolds, the locally finite homology coincides with the 
usual singular homology, but it gives useful homology groups for noncompact 
manifolds. An essential advantage of locally finite homology as opposed to 
singular homology is the existence of a fundamental class of any oriented 
manifold. Indeed, the n-th singular homology of a noncompact manifold 
vanishes, and hence cannot contain any fundamental class. The existence 
of a well-defined fundamental class [M] € H^(M, K) for any oriented n- 
dimensional manifold is established via the Poincare duality 

H?(M,R)^H%j(M,R) 

with cohomology with compact support, a cohomology theory which will be 
briefly recalled in the next section. The duality implies that H^(M, M.) = 
H® pct (M,R) = K and the existence of a canonical fundamental class [M] £ 
H^(M,R). We refer the reader to [3] and [4] for more detailed explanations 
about locally finite homology. 

The simplicial ^-seminorm in C^(M, M) is defined by setting ||c||i = 
l a *l f° r a cnam c = S£o aiCJi i n ^(M^M.). This norm gives rise to a 
seminorm on the locally finite homology H^(M, K) as follows: 

||a||i = inf ||z||i, 

z 

where the infimum is taken over all locally finite cycles representing a £ 
H*(M,M). For an oriented n- manifold M, the simplicial volume ||M||if of 
M is defined as the seminorm of its fundamental class [M] G H%(M,R). 

Now, let V be a compact n-manifold with boundary dV . For a relative 
chain c in the relative singular chain complex C*(V,3V,M), the simplicial 
^ 1 -norm is given by the infimum of the £ 1 -norms of its representatives. This 
norm induces a seminorm on the relative singular homology fl*(V, dV, K) as 
in the case of locally finite homology. Then, the relative simplicial volume 
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|| V, dV\\ is defined as the seminorm of its relative fundamental class [V, dV] £ 
H*(V,dV,R). 

Let M be the interior of V. Suppose that M is an oriented manifold. We 
can obtain the inequality ||V, dV\\ < ||M||if as follows: Consider a compact 
submanifold Vo of M by removing a collared neighborhood of dV. It is 
clear that Vo is homeomorphic to V. Let c = J^£o ai(7i ^ e an y l° can y finite 
cycle representing the fundamental class [M] G H^(M, R). It is a standard 
fact that c\v = YlimainV o ^0 a * (T * represents the relative fundamental class 
[V, V - Vo] £ H n (V, V - Vo, R). Because V - V is the collared neighborhood 
of dV, one can think of c|y as a cycle representing [V,<9V] £ H n (V, dV). 
Clearly, we have an inequality 

||c|y ||i < ||c||i. 

Taking the infimum over all locally finite cycles c representing [M] , we have 
II V, dV\\ = inf ||c'||i < inf ||c|y |h < inf ||c|h = ||M|hf, 

d c c 

where d runs over all relative cycles representing [V, dV] . 

3. COHOMOLOGY WITH COMPACT SUPPORT 

3.1. Singular cohomology. Let M be an oriented n-manifold. A singular 
cochain / : C q (M, R) — > R is said to be a cochain with compact support if 
there exists a compact subset K such that f(a) = whenever lm(a)r\K = 0. 
The cohomology with compact supports of M, denoted by H* pct (M,W), is 
defined as the cohomology of the subcocomplex C* pct (M, R) of cochains with 
compact support in C*(M,M) with the usual coboundary operator 5 on the 
singular cochain complex. For more details, see [16, Chapter 3]. 

Consider the sup norm with respect to singular simplices, that is, for a 
cochain / G C^ pct (M,R), set 

ll/l|oo = sup|/(a)|, 

a 

where a : A q — > M runs over all singular g-simplices. 

Noting that ||<fr(/)||oo < (q + 2)-\\f\\ oo, we can consider the subcocomplex 
of bounded cochains with compact support 

C q cpct , b (M,R) = {/ € C q cpct (M,R) | H/IU < +00} 

which gives rise to the bounded cohomology with compact support, denoted 
by H* pct b (M, R). The inclusion of cocomplexes induces a cohomology ho- 
momorphism 

c:H* cpcttb (M,R)^H* cpct (M,M) 

which is traditionally named comparison map. 

The sup norm induces a seminorm || • \\oo on cohomology, both in the 
bounded and unbounded case. For (3 G t (M,M), its seminorm is defined 
by 

||/3||oo = inf{||b||oo I b € C q cpct (M,R), 5b = 0, [b] = /?} 



PROPORTIONALITY PRINCIPLE 



7 



where [b] as usual denotes the cohomology class represented by the cocycle 
b. A seminorm || • ||oo is defined on H q cpct b (M, R) as above. Note that 

Halloo = inflHAIIoc I h € H q cpctjb (M,R), c(p b ) = /?}. 

3.2. De Rham cohomology. Let M be a smooth manifold. Let Q'L lct (M) 
denote the set of all differential (/-forms on M with compact support. The de 
Rham cohomology of M with compact support, denoted by H^ R cpct (M, R), 
is defined as the cohomology of the cocomplex £l* pct (M ) with the standard 
exterior derivative. By [11], the cohomology H* pct (M, R) with compact sup- 
port can be computed as H^ R cpct (M,W). 

It is a standard fact that there is no difference between singular and 
smooth singular cohomology (with compact support). Hence, we will use 
smooth singular cohomology with compact support to describe the de Rham 
isomorphism between de Rham cohomology and singular cohomology with 
compact support. To denote smooth singular cohomology with compact 
support, we use the same notations as in Section 3.1. For oo £ VL q cpct (M) and 
a smooth g-simplex a : A q — > M, define a map 



I{u){a) = 




and extend this linearly on C q (M, R). Then, it can be easily seen that 
I : 0* prf (M) — > C* pct (M, R) is well-defined and a cochain map. Furthermore, 
this cochain map induces an isomorphism / : H£ R cpct (M, R) — > H* pct (M, R) 
in cohomology. This is known as the de Rham theorem in the case that M 
is a closed manifold. We refer the reader to [12, Chapter IV] or [22, Chapter 
16] for further details. 

Now, suppose that M is a Q-rank 1 locally symmetric space. Note that 
the geodesic straightening map str : C|, f (M, R) — > Cj, f (M, R) is well-defined 
and moreover, chain homotopic to the identity [18]. Hence, it can be seen 
that if / is a q-cochain with compact support, / o str : C g (M,R) — s> R 
is also a cochain with compact support. This allows us to have a map 
C* pct (M,R) -4 C* pct (M, R) defined by / h4 / o str. Furthermore, this map 
induces the identity map in cohomology since the geodesic straightening 
map str is chain homotopic to the identity. Thus, the de Rham isomorphism 
/ : Hj Rcpct {M,R) ->■ H* pct (M,R) can also be induced, at cochain level, by 
the map 

I str (oj)(a) = I(w)(str(a)) = oj. 

J str(a) 

Observe that for arbitrary manifolds with a given straightening, the map I s t r 
is not well defined on the compact support cohomology, as the straightening 
will not map locally finite chains to locally finite chains in general. 

3.3. Dual norms. There is a natural pairing 

(, ):# C %(M,R)^(M,R)^R 
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For a q-cochain b with compact support in CL, rf (M, R), define a seminorm 



between cohomology with compact support and locally finite homology de- 
fined for P = [b]e H q cpct {M,R) and a = [z] £ H l q f (M,R) as 

(P,a) = {[b],[z]) ■■= Hz)- 

It is straightforward to check that this definition is independent of the 
choices of cocycles and cycles representing f3 and a respectively. It is now 
easy to show that 

(1) KM | < ||/3||oc-IH|i, 

but equality does not hold in general even for a = [M] . Examples are given 
below. In order to get a duality of norms in top dimension, Gromov intro- 
duced [14, page 17] a different norm on cohomology with compact support 
as follows : Let S q be the set of singular g-simplices A q — > M. A subset 
<5 of S q is said to be locally finite if any compact subset of M intersects 
the image of only finitely many elements of Let S^ denote the set of all 
locally finite subsets of S q . 

|| 611$ by setting 

||6||« = sup|6( < 7)| > 

for each $ £ S q { . Subsequently, obtain a seminorm || • ||$ on H^ pct (M,R) 
and take the supremum of these seminorms over all locally finite subsets of 
S q . Then, we have a new seminorm || • ||°° on H% pct (M,R) defined by 

Ml 00 = sup 11/311$ = sup inf swp\b(a)\. 

Observe that for any <E> £ S q { , any er £ $> and b £ C^ pct (M, R), we have 

sup |6(cr)| < ||6||oo. 

Hence it follows that 

(2) \mr < ML • 

In general the above inequality is not an equality. Take V = [0, 1] and 
M = (0, 1) with a standard Euclidean metric. Let ljm G H^. pct (M) be the 
unique cohomology class with (ojm, [M]} = 1. It is not difficult to show that 
||M||if = oo, whereas ||V, 3V|| = 1 < oo. In view of Theorems 3.2 and 3.3, 
\\umW 00 = and ||wm||<x> > for M = (0, 1). 

Lemma 3.1. Let /3 € H* pct (M,R) and a £ H^(M,R). Then 

|</3,«>| < H/3II 00 - HcHl 

Proof. Let / be a representative of f3 and z = ^o-g* a a a ^> e a representative 
of a. Then, 

\(P,a)\ = \(f,z)\ = \j2 a °- K a )\ ^ ll/H* • E = ll/H* • Mi- 
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Taking the infimum over all representatives of j3 and then taking the supre- 
mum over all <£, 

\<J3,a)\ < ll^ll*- Wi < ■ Mi- 

The desired inequality follows by taking the infimum over all representatives 
of a. □ 



Note that in view of (2) the inequality (1) immediately follows from the 
lemma. Gromov [14] showed that the simplicial volume of a non-compact 
manifold can be computed in terms of this norm || • ||°° of the dual class in 
cohomology with compact support as follows: 

Theorem 3.2. Let M be an oriented n-mani] "old, and letO ^ j3 £ H^ pct (M,M). 
Then, 



The original sup norm ||/3||oo is still of interest, as it turns out to be dual 
to the ^ 1 -norm of manifolds V with boundary dV, in the case where M is 
the interior of V. 

Theorem 3.3. Let V be a compact, oriented n-manifold with boundary dV , 
and let M denote its interior. Let ^ (3 € H™ pct (M, R). Then, 



For detailed proofs of Theorem 3.2 and 3.3, we refer the reader to [24]. 
Observe that Theorems 3.2 and 3.3, together with the simple inequality (2) 
immediately reproves the inequality 



\V,dV\\ < \\M\ 



if ' 



when M is the interior of V . 

Let ujm £ Hcpct(M,ll) denote the unique cohomology class defined by 
{com, [M]) = Vol(M). In view of Theorems 3.2 and 3.3, our proportionality 
principles in Theorem 1.2 will immediately follow from: 

Proposition 3.4. There is an equality of norms 

II^mHoo — II^JV/H 00 = l| w jyH|oo- 

Given the inequality ||wm||oo > II^mII 00 established above (2), to prove 
the proposition, and hence Theorem 1.2 it suffices to prove the inequalities 

• 1 1 ojm 1 1 °° > 1 1 | |oo; this will be proven at the end of Section 5, 
l w jf||oo; this will be proven at the end of Section 6. 
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4. Continuous cohomology 

Let G be a topological group. Recall that the continuous cohomology 
H*(G,R) of G (with trivial R coefficients) is the cohomology of the cocom- 
plex 

G 9+1 (G,R) = {/ : G q+1 -> R | / continuous and G-invariant}, 

endowed with its homogeneous coboundary operator 5 : G 9+1 (G,R) — > 
G 9+2 (G,R). The subcocomplex of bounded functions 

C^ +1 (G,R) = {/ G G 9+1 (G,R) | H/lloo = sup [/Gto,... J «7,)|<+oo} 

g ,—,g q eG 

leads to the continuous bounded cohomology H q b (G,R) of G. The inclu- 
sion of cocomplexes C b +1 (G, R) C G 9+1 (G, R) induces a cohomology map 
H q b (G,R) — > H q (G,R). The sup norm defines a cohomology seminorm as 

H/3IU = inffll/Uoc | [/] = ft / G Ct +1 (G,R)}, 

for /3 in H%(G,R) or flJ 6 (G,R). Note that in the case where /3 G F|(G,R) 
cannot be represented by a bounded cocycle, the infimum over the empty 
set is defined as \\f3\\oo = +oo. 

If the group G is endowed with the discrete topology, then the continuity 
condition is void and we remove the subscript "c" from the notation. Note 
that one then recovers the Eilenberg-MacLane group cohomology. 

Many different cocomplexes can be used to compute these cohomology 
groups. An important example is the following: Let K be a maximal com- 
pact subgroup of G. The cohomology of the cocomplex of G-invariant con- 
tinuous functions on the product of q + 1 copies of G/K, 

C((G/K) q+1 ,R) G = {/ : (G/K) q+1 -> R j / continuous and G-invariant}, 

endowed with its homogeneous coboundary operator is isomorphic to the 
continuous cohomology of G [15, Ch. Ill, Prop. 2.3]. Similarly, the subco- 
complex of bounded functions on (G / K) q+1 , 

C b {{G/K) q+1 ,Rf = {/ G C((G/K) q+l ,Rf \ H/IU < +oo}, 

computes the continuous bounded cohomology of G [27, Cor. 7.4.10]. Fur- 
thermore, the sup norm on these cocomplexes induces a seminorm on coho- 
mology which agrees with the above defined seminorm [27, Cor. 7.4.10]. 

For Theorem 1.4 we will need also nontrivial coefficients, namely we will 
consider actions of G on R by multiplication by ±1 given by a homomor- 
phism G — > Z/2Z (see the beginning of Section 7). The corresponding 
cohomology groups are obtained by replacing G-invariant by G-equivariant 
cochains in the various cochain complexes. 

Let now G be a Lie group and T < G a lattice. The inclusion T < G 
induces restriction maps G 9+1 (G,R) -> G 9+1 (r,R) and C((G/K) q+1 , R) G C 
C((G/K) q+1 , R) r which in turn induces cohomology maps 

H*(G,R) ->■ £T(r,R) and H* b (G, R) -> # 6 *(r,R). 
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If r is cocompact, both maps admit a norm decreasing left inverse, while 
if r is not cocompact, only the bounded cohomology map admits a norm 
decreasing left inverse. The left inverse is given by a transfer map 

transr : C((G/K) q+1 , M) r -> C((G/K) q+1 , R) G 

which is, for c G C({G/K) q+1 ,R) r and g K,...,g q K G G/K defined as 
follows: 

transr(c)(g K,...,g q K) = / c(gg K, ...,gg q K)dfi(g), 

JgeD 

where D is any fundamental domain for T\G and the Haar measure \i is 
normalized so that fJ-(D) = 1. Note that transr{c) is finite if either c is 
a bounded cochain or if the lattice r < G is cocompact. As the transfer 
map commutes with the coboundary operator, it induces in these cases co- 
homology maps which are indeed left inverse to the restriction map. Finally 
observe that the transfer map does not increase seminorms. 



5. Transfer maps 

5.1. Transfer on de Rham cohomology. It is easy to define a transfer 
map H* pct (M) — > H*(G) through the de Rham cohomology with compact 
support and the Van Est isomorphism. Indeed, at the cochain level, one 
defines 

trans dR : W(G/K) T cpct — > U q (G/ K) G 

by sending the differential (/-form a G ^l q (G/K)^ pct to the form f geD g*ad[i(g), 
or more precisely to the form defined, for x G G/K and V±, V q G T X (G/K), 
by 

trans dR (a) x {Vi,...,V q ) = / OL gx {g*{Vi), g*{V q ) )d/i (g). 

JgeD 

As above, D is any fundamental domain for T\G and the Haar measure \i 
is normalized so that the measure of D is 1. It is easy to check that this 
definition is independent of the fundamental domain D and that the result- 
ing differential form transdR(ct) is G-invariant. Furthermore, the transfer 
map clearly commutes with the differential operator, and hence induces a 
cohomology map 

trans dR : H* dR>cpct (M) — > H*(Q*(G/K) G ) - n*(G/K) G - H* C (G). 

Naturally, we now want to understand the transfer map on singular cohomol- 
ogy and in particular on bounded singular cohomology, or in other words, 
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to find transfer maps so that the following diagram commutes, 

Hum ^ aj 6 (g,r) 

c 

(3) Hl pct {M) ^> HUG 



H q dR , cpct {M) W(G/Kf. 

This is the purpose of the next subsection. Note that the existence of 
these transfer maps would be easy to show for arbitrary manifolds, given 
that the singular cohomology with compact support can be computed on 
measurable cochains. We prefer to restrict to Q-rank 1 manifolds where the 
proof is straightforward. 

5.2. Transfer on singular (bounded) cohomology. As usual, when 
defining a transfer map, we would like to integrate the evaluation of a cochain 
c G C^ pct (M) on translates g ■ a of a singular simplex a over a fundamental 
domain g G D for T\G. This is only possible if the cochain presents certain 
regularity properties. However, at this point, the cochain c is completely 
arbitrary. We will thus start by replacing c by a better behaved cochain. 

The Q-rank 1 locally symmetric space M admits the following description 
[23]. There is an exhaustion function h : M — > [0, +oc) such that for any 
s > 0, 

M = M(s)UU^ =1 Ei(s), 

where the sublevel set M(s) = {x G M \ h{x) < s} is a compact submanifold 
and Ei(s), Ek(s) are the disjoint cusp ends of M \ M(s). Note that 
furthermore, each cusp end Ei(s) is geodesically convex for any s > 0, i.e. 
for any two points x, y G Ei(s), the unique geodesic between x and y is 
contained in Ei(s). Also, 7r~ 1 (Ei(s)) is a disjoint union of horoballs. 

Choose bo G M(0) and, for every 1 < i < k and j G N, points bij G 
Ei(j - 1) \ Ei(j). Define a measurable map p : M -> {b } U {&ij}{i<i<fcj e N} 
by p(M(0)) = b and p(Ei(j - 1) \ = &ij f° r every z and j G N. Lift p 

to a T-equivariant measurable map 

p : M — > n- l ({b } U {&tf} { i<i< fc j 6 N}) C M 

with the property that the image by p of a horoball of -K~ 1 (Ei(j)) remains 
in the given horoball, where ir is the projection ir : M — > M. 

The pullback map p* : C^ ct (M,R) C|, ct (M,R) is defined by sending a 
cochain c G C^ pct (M, R) to the cochain 

p*(c)(cr) = c(7T*str(p(cr ),...,p(cr 9 ))), 

where ctq, ...,<r g G M are the vertices of a lift of a to M. Note that p*(c) 
indeed has compact support. To see that, let C be the compact support of c. 
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There exists s such that C C M(s). Let a : A q M be a singular simplex 
whose image does not intersect M(s), say Im(cr) C Ei(s). Any lift of a will 
be contained in a single horoball in the preimage 7r _1 (£'j(s)). The same 
is true for the vertices of this lift, and hence for the straightened simplex 
str(p(ao), ...,p(a q )). It follows that the image of Tr*str(p(ao), ...,p(a q )) is 
contained in Ei(s) so that the evaluation of c on it indeed vanishes. It is 
obvious that p* commutes with the coboundary, and it is easy to check that 
it is nomotopic to the identity. Thus it induces the identity on cohomology. 
Clearly, the cochain map restricts to bounded cochains and also induces the 
identity on the bounded cohomology group. Note that it is easy to show 
that these maps, at cohomology level, are independent of the chosen points 
bo and bij, though we are not going to need this fact. 

The image of p* is contained in a subcocomplex which we denote by 
C? pct , meas (M,R) C C! pct (M,R) and C^ pctmeasb (M,R) C C^ b (M,R) in 
the bounded case, of cochains whose evaluation on singular simplices a is 
given by evaluation on the vertices of a lift on a T-equivariant measurable 
function / : M« +1 -> R. 

A transfer map 

trans : C q cpct>meas (M,R) — > C(M q+1 ,R) G 
is defined by sending a cochain c to 

trans(c)(x ,...,x q ) = / p*(c)(gx Q , gx q )du(g), 
J 9 eD 

where D is a fundamental domain for T \ G normalized to have measure 1 
and XQ,...,x q are points in M. To see that the integral is finite, let d = 
maxj<i(xo, Xj) and denote by M(s)d the closure of the d-neighborhood of 
M(s). Here, we choose a positive integer s with C C M(s). Since M{s)d is 
compact, so is 

D = {g G D C G | K(gx ) € M{s) d }. 

We claim that p*(c)(gxo, ...,gx q ) = for g G D \ Dq. Indeed, since gxo G 
7r~ 1 (Af \ M(s)d), it belongs to a horoball of n~ 1 (Ei(s)) for some cusp Ei 
and furthermore a ball of radius d centered at gxQ is also contained in 
the same horoball. In particular, gx±, gx q and the straightened simplex 
str(p(gxo), ...,p(gx q )) all belong to the same horoball and hence project 
to Ei(s), on which c vanishes. Note that for g € Dq, the evaluation 
p*(c)(gxo, ...,gx q ) takes only finitely many values (depending on xo,...,x q ). 
It is further easy to see that the integral is independent of the choice of 
fundamental domain D, that trans(c) is G-invariant and that the transfer 
map commutes with coboundaries. It thus induces a cohomology map and 
we will denote by 

trans : H*{M) — > fl|(G). 
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We denote by transb the map on bounded cohomology. Since transb is, at 
cochain level, the restriction of trans, the commutativity of the diagram 



Hl pct {M) ^> fl?(G,R) 

is obvious. Let us finally show that the full diagram (3) also commutes. 

Proposition 5.1. The diagram (3) commutes. 

Note that in particular it follows that trans{uM) = Indeed, oj m is 
represented by p ■ (T\lo-^) where p is a compactly supported smooth func- 
tion on M so that f M p • (T\u^) = vol(M). From section 5.1, the image 
trans(u!M) is independent of the choice of p. Choose an exhausting sequence 
(K n ) n £?q of compact connected subsets of M with nonempty interior satis- 
fying lim n _^oo Vol(K n ) = Vol(M). Then, there exist e n > and a smooth 
function p n : M — > [0, 1 + e n ] supported on the e n -neighborhood of K n such 
that Pn\K n = 1 + £n and f M Pn • = vol(M). It is easy to see that 

the maps p n converges uniformly on any compact subset of M to the con- 
stant function c = 1 on M. Considering this sequence (p n )neN) one can 
conclude that for any p, the average of a compactly supported differential 
form p ■ (T\lu^) over the fundamental domain is co-^. 

Proof. It remains to show that the lower diagram commutes. Note that the 
vertical isomorphisms are induced, at cochain level, by the map 

$ : n q (G/K) G — ► C({G/K) q+1 ,R) G 

sending the differential form a to the cochain $(a) mapping a (q + l)-tuple 
of points (xo,...,x q ) £ {G/K) q+l to 

/ a. 

J str(xQ,...,x q ) 

This map is clearly G (and hence V) - equivariant and restricts to the sub- 
complexes of compact support. Furthermore, for the left vertical arrow, <I> 
should further be precomposed with the map sending a singular simplex in 
M to its vertices. Here we use again the Q-rank oneness to restrict to the 
subcomplexes of compact support, see section 3.2. To prove the proposition, 
we need to show that trans o $ and <]? o transdR differ by a coboundary. One 
checks easily that 



trans o $(a)(xo, x q ) = / adp(g) 

J g<=T\G J str{p(gx ),...,p(gx q )) 



while 

$ otrans dR (a)(x , ...,x q ) = I / adp,(g). 

Jger\G Jstr(gx ,...,gx q )) 
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It is immediate that, since da = 0, the coboundary of the G-invariant 
cochain 

(x ,...,Xg_i) i — / / otdfJ,(g) 

i=Q JgeT\G J str(gx ,...,gx l ,p(gx i ),...,p(gx q )) 

is equal to the difference of the two given cocycles, which finishes the proof 
of the proposition. □ 

5.3. Norms and first inequality of Proposition 3.4. The inequality 
1 1 Wtf 1 1 00 > 1 1 | |oo of Proposition 3.4 is an immediate consequence of the 
following lemma: 

Lemma 5.2. For every (3 E H% pct (M), one has 

1 1 trans (/3) ||oo < 



Proof. Let A < G be a cocompact torsion free lattice. Because of the ex- 
istence of a transfer map, the restriction map i* : H* b (G) — > H?(A) = 

H b (A \ M) is isometric. Thus, for every a G H*,(G), we have the equality 

IMloo — IH*(a:)||oo- Furthermore since A \ M is compact, the upper and 
lower infinity norms agree ||i*(a)||oo — IK*^)!! 00 - As on a compact mani- 
fold a locally finite set of singular simplices is actually finite, it immediately 
follows that the norm of a € H* b (G) can be computed as 

Halloo = sup inf sup |a(<7 , a q )\, 

<I> finite [a]=a a( z§ 

where here and in the sequel, ao, ...,a q are the vertices of the singular simplex 
a. Applying this equality to a = trans((3) and restricting the infimum to 
the cocycles of the form a = trans(b), where b G C™ pct (M) is a compact 
support cocycle representing /3, we obtain the inequality 

1 1 trans(/3) | |oo < sup inf sup \trans(b)(a)\. 

$ finite {b]=Pcr£$ 

Let $ p denote the following set of singular simplices, 

$ P = {7r*str(p(ga ), ...,p(ga q )) \ a G g G D}, 

where D is a fundamental domain for T\G. Note that as $ is finite $ p is 
locally finite. Since by definition, trans(b) is an average of evaluations of b 
on singular simplices in <& p , it is immediate that 

sup | trans (b) (ao, a q ) \ < sup |&(c)|. 

crG* <re<I>p 

It follows that 

prcms (/3) | |oo < sup inf sup \b(a)\ = sup inf sup 

<S> finite [6]=/3o-e* p $p M=/ 3 o-G<J>p 
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where the first sup of the latter expression is taken over all families of sim- 
plices of the form $ p , for a finite family $. Finally, as & p is locally finite we 
obtain 

1 1 trans (/3) 1 1 «, < sup inf sup |6(cr)| = H/?!) 00 , 
which finishes the proof of the lemma. □ 



6. Cusp map and relation to bounded cohomology 

6.1. Cusp map. To prove the theorem, we will need the existence of a T- 
equivariant cusp map, which we establish in this section. We first review 
the reduction theory for arithmetic lattices. The main reference is [2]. 

Let G be a connected, semisimple algebraic group defined over Q with 
trivial center. Let X = G/K be the associated symmetric space of noncom- 
pact type with G = G(R)° and a maximal compact subgroup K ot G. A 
closed subgroup P of G defined over Q is called rational parabolic subgroup if 
P contains a maximal, connected, solvable subgroup of G. For any rational 
parabolic subgroup P of G, we obtain the rational Langlands decomposition 
of P = P(R): 

P = N F x A F x M P , 

where iVp is the real locus of the unipotent radical Np of P, yip is a stable 
lift of the identity component of the real locus of the the maximal Q-torus 
in the Levi quotient P/Np and Mp is a stable lift of the real locus of the 
complement of the maximal Q-torus in P /Np . 

Write Xp = M-p/K n Mp. Let us denote by r : Mp — > Xj> the canonical 
projection. After fixing a basepoint x Q £ X, we have an analytic diffeomor- 
phism 

u : Ap x Ap x Xp — > X, (n, a, r(m)) —> nam ■ xq, 

This is called the rational horocyclic decomposition of X. 

Let r be an arithmetic lattice in G = G(R) with Q-rank(G) = 1. It is 
a well known fact due to A. Borel and Harish-Chandra that there are only 
finitely many T-conjugacy classes of proper rational parabolic subgroups. 
Furthermore, all rational proper parabolic subgroups are minimal and these 
subgroups are conjugate under G(Q) (see [1, Theorem 11.4]). Note that the 
set of simple positive Q-roots contains only a single element and dimvlp = 1 
for any proper rational parabolic subgroup P of G. 

The locally symmetric space M = T\X has finitely many cusps and each 
cusp corresponds to a T-conjugacy class of a minimal rational parabolic 
subgroup. Let Pi, . . . , P& denote representatives of the T-conjugacy classes. 
For each minimal rational parabolic subgroup Pj, set 

Vp.(t) = /i(Ap. xAp i>t xXp.) 

where Ap itt = {a G A Fi : aj(loga) > t}. Here an is the unique positive 
simple Q-root corresponding to Pj. Write Tp. = Y n Pi for i = 1, . . . , k. 
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There exists to > such that for all t > to, M admits the following disjoint 
decomposition: 

M = n t unJ =1 r Pj \^p i (t), 

where is a compact submanifold with boundary. Furthermore, for t > to 
and each i, we have 

rpA^Ct) = r Pi \JVp 4 x a p . t x x Pi = r Pi \(iv Pj x x P j x A Fa . 

Geometrically, each Vp 4 (t) is a horoball in X. In fact, the disjoint decom- 
position m = n t u n^Tp.xvp^t) gives the same disjoint decomposition 
M = M(s) U Ui =1 Ei(s) for some s > in Section 5.2. 

Proposition 6.1. Let M be a Q-rank 1 locally symmetric space and let 
r = 7Ti (M) 6e its fundamental group. Let G denote the identity compo- 
nent of the isometry group of the universal cover M of M and let P be a 
minimal rational parabolic subgroup of G. Then there exists a T-equivariant 
measurable cusp map 

f :M — ► G/P. 

such that f is constant on each horoball in M corresponding to a cusp of 
M. 

Proof. Fix a t > t . Decompose M = O t U Il| =i r P A^p i (*) as before. We set 
P = Pi and P = P(1R) . Since all minimal rational parabolic subgroups are 
conjugate under G(Q), there exists g± G G with Pj = giPg^ 1 for i = 1, . . . , k. 
Let .F Pi (i) be a fundmental domain for the action of T Pi on Vp i (t) and Ff 
be a fundamental domain for the action of T on vr — 1 (Q^ ) where tt : M — > 
M is the universal covering map of M. Map Ft to P and Fp^t) to giP ■ 
Extending this map T-equivariantly, we get a T-equivariant measurable map 
/ : M -)• G/P. Then it is easy to see that f(x) = giP for all x G Vp^t). 
This completes the proof. □ 

6.2. The induced bounded cohomology map. 

Theorem 6.2. Let M be a Q-rank 1 locally symmetric space and let T = 
7Ti (M) be its fundamental group. Suppose that the fundamental group of any 
cusp of M is amenable. Then the T-equivariant cusp map from Proposition 
6.1 _ 

f :M — ► G/P 
induces for q > 1 a cohomology map 

f* : Hl(T) Hl pctb (M) 

such that 

transf, o f* = transr 

and 

||/»||oo < Halloo 

for any a € H^(T). 
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Proof. It is shown in [10, Section 6] that the bounded cohomology group 
H b (T) can be computed isometrically on the cochain complex of alternating 
r-invariant bounded functions £™ t ((G / P) q+1 , M) r endowed with its homo- 
geneous coboundary operator. We will use this cochain complex to induce 



the cohomology map / 
f:M- 



H*(T) -> H* b (M) in degree > 1. Let thus 



G/P be the cusp map. It induces in degree > 1 a cochain map 



C q cpct , b (M) 



M to 



by sending a bounded, r-invariant alternating cochain c : (G/P) q+1 
to the cochain /*(c) defined by mapping a singular simplex a : A q 
c(f(xo),...,f(x q )), where xq,...,x q 6 M are the vertices of a. The cochain 
/*(c) is clearly T-equivariant and bounded. Furthermore, it has compact 
support contained in M(0) since if the image of ir(a) does not intersect M(0), 
then it is contained in a cusp Ei, so that a is contained in one horoball, and 
its vertices XQ,...,x q all project to the same boundary point /(a?o) = ••• = 
f{xq) € G/P. Since the cochain c is alternating, /*(c)(cr) = 0. It is for this 
last assertion that we use the fact that we are in degree > 1. 

It is immediate that /* commutes with the coboundary operator 5 and 
hence induces a cohomology map 



r-.H* b (r) 



H *cpct,bi M )- 



Since the cochain map /* does not augment norm, the last assertion of the 
theorem is obvious. It remains to see that trans o f* = transr- 

Consider the following diagram, where the cochain map p* is as defined 
in the beginning of Subsection 5.2: 




C q b {G/Kf 



trariSY 



Cl(G/Kf. 

Observe that the composition p* o f* is equal to /*. Since the cochain map 
/* : £% t ((G/P)* +1 ) r -> Cl{G/K) T extends the identity M -> M in degree -1 
it induces the identity on cohomology. Thus, on cohomology, the diagram 
becomes 

f*=id 



H q (T) -X H^ ct)b (M) 



Kin 



transv 



H q b (G/Kf. 
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It is now clear that transr = transb o /*, which finishes the proof of the 
theorem. □ 

6.3. Proof of the second inequality of Proposition 3.4. We can now 

prove that ||wm||oo < ll^jjylloo- Consider the following diagram: 



transt, 

H? b (G, R)^ H- (T, R) 6 (M, R) 

trans-p 



H?(G,R) - ^ H- ct (M,R). 

Using that trans commutes with the comparison map c, that trans b o f* = 
transr (Theorem 6.2), and that transr °i* is the identity on H™ b (G, R), we 
show that 

trans o c o /* o i* — c. 

Indeed, 

trans o c o/* o i* = c o trans b o f* o i* 

=cotrans b =trans T 

= co transr o i* = c. 

=Id 

It remains to establish the desired inequality: 

II^Af ||oo = inffjalloo | a € H™ pctjb (M,R), c(a) = w M } 

< infjUalloo | a € Im(/* o £*), trans o c(a) = trans(uM) = 

= inf{||(r or)^)^ l/^e^G.R), transocof*oi*(p) = u^} 

> v ' » v ' 

<ll/*ll« 

= II^mIIooj 

where we have used the facts that the map trans : H™ pct (M, R) — >■ H™(G,M) 
is injective (even bijective since trans(uM) = wtj) in top degree and that /* 
and i* do not increase norms. This finishes the proof of the second inequality 
of Proposition 3.4. 

7. The product of R-rank 1 symmetric spaces 

In this section, we establish the proportionality principle for the simplicial 
volume of certain Q-rank 1 locally symmetric spaces covered by a product 
of R-rank 1 symmetric spaces without any assumption on their ends. 

Let H be the full isometry group of M. An action of H on R is defined 
as follows: An element h of H acts by multiplication by +1 (resp. —1) if 
h preserves (resp. reverses) the orientation in M. We denote by R £ the 
Banach space R endowed with the action of H. The continuous H^(H,M. £ ) 
and continuous, bounded H™ b (H, R £ ) cohomology of H with coefficients in 
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R £ is defined by replacing the ff-invariant cochains by ff-equivariant ones 
in the corresponding definitions. 

Proof of Theorem 1.4- The simplicial volume ||M||if of M can be reformu- 
lated in terms of ^-homology as follows: 



(4) ||M||if = inf sup 



a£[M] el I W 



1 



p G H£(M) and fact) = 1 



where [M]^ 1 is the set of all ^-homology classes that are represented by 
at least one locally finite cycle with finite ^-norm. For a proof, see [24]. 
For the reader's convenience, we sketch a proof that the Kronecker product 
(•, •) : Hl(M)®Hf (M) ->■ K is well defined. In fact, this follows from a well- 
known fact in functional analysis that C^{M) is the topological dual space 
of the ^-completion C* (M) of C*(M). In other words, a linear functional 
on c£~(M) is continous if and only if it is bounded. Let / : C*(M) — >■ K 
be a bounded cochain in C£(M). Denote by /' : C* (M) — > E the unique 
continuous extension of /. One can define a map (•, •) : C£(M) ® (M) — >■ 
M via the evaluation map between C;f (M) and its dual cochain complex by 

</,•>=/'(•), 

Noting that Sf(c) = f(dc) for c G C*+i(M), it is easy to see that (5f)'(c') = 
f'(dc') for d G Cf+^M). Hence, we have 

(5f,c') = (5f)'(c') = f'(dc') = (f,dc'). 

This implies that the Kronecker product between H?(M) and Hf(M) is 
well defined. 

Define a ff-invariant cocycle : M n+l — > R £ by 



0(x o , ...,x n )= u 



J M 



.{'(]. 



where [xo , • • • , x n ] is the geodesic simplex in M with an ordered vertex set 
{xq, . . . ,x n } and uj^ is the i^-invariant volume form on M. Note that 
the cocycle is bounded because the volume of top dimensional geodesic 
simplices in a product of K rank 1 symmetric spaces is uniformly bounded 
from above. Hence, G determines a continuous cohomology class [Q] H G 
Hc(H,M e ) and a continuous bounded cohomology class [0]^ in H™ b (H, R e ) 
with c([0]f ) = [0] H . 

Let Cr be the connected component of the identity of H. Note that G is 
a finite index subgroup of H. Hence, the inclusion G C H induces isomet- 
ric embeddings res H : H*(H,R £ ) -> #*(G,R) and resf : #* 6 (#,R e ) -»■ 
H*JG,M) which are realized by the canonical inclusions of cocomplexes 

C*(M,R £ ) H C C*(M,R) G and (7* 6 (M,K £ )^ C C* b (M,]R) G . Similarly, 
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since T is a lattice in G, the inclusion T C G induces an isometric embed- 
ding resf : H* b (G,M) — > H b (T,M) where T is the fundamental group of 
M. 

It is clear that res H \[®] H ) = oj^. Since the comparison map is an iso- 
morphism and res H , res b and resf are isometric embeddings, 

||(r eSfe G ore S f)([G]f )|| oc = ||[6]f |U = ||[e]"|U = H^U- 

Clearly, the cocycle represents (res b o res^)([G]^) G H b {M, R). Let 
a € [M]* . Then there is a locally finite fundamental cycle c with ||c||i < oo 
such that c represents a in the ^-homology of M. For Q-rank 1 locally 
symmetric spaces, the geodesic straightening map on the locally finite chain 
complex is well defined and chain homotopic to the identity [18]. Hence, the 
geodesic straightening str(c) of c is again a locally finite fundamental cycle 
with ||sir(c)||i < ||c||i < oo and we have 

str(c) - c = dHH(c) + H^dic) = dH*(c) 

where : C* f (M,R) — » C l J +1 (M, R) is a chain homotopy between the geo- 
desic straightening map and the identity that is constructed by the canonical 
straight line homotopy. It is easy to see that 

\\H*(c)\\ 1 <(n + l)Nli <oo 

and thus, str(c) and c represent the same ^-homology class a. Furthermore, 
note that 

(5) (@,str(c)) = Vol(M). 

We refer the reader to [18] for more details. 
Equation (5) implies that for any a £ [M]^ , 

(resf oresf)([9]f) ^\ _ {@,str(c)) 



Vol(M) ' / Vol(M) 

Hence, in the view of Equation (4), we have 

Vol(M) Vol(M) _ Vol(M) 

11 lllf " Hp" Uresfores^m^Wo. ~ K^' 

Thus, we obtain an inequality H^mI) 00 < ll^Xf Hoo- From the opposite in- 
equality in Section 5.3, we finally have 



which completes the proof. □ 

Remark. Theorem 1.4 holds for reducible Q-rank 1 locally symmetric spaces. 
Note that the fundamental groups of the ends of reducible Q-rank 1 locally 
symmetric spaces are not amenable. Hence, this strongly supports the exis- 
tence of the proportionality principle for the simplicial volume of arbitrary 
Q-rank 1 locally symmetric spaces. 



22 michelle bucher, inkang kim and sungwoon kim 

References 

[1] A. Borel, Introduction aux groupes arithmetiques, Publications de l'lnstitut de 

Mathematique de l'Universite de Strabourg, XV. Actualites Scientifiques et Indus- 

trielles, No. 1341. Hermann, Paris (1969). 
[2] A. Borel and L. Ji, Compactifications of symmetric and locally symmetric spaces, 

Mathematics: Theory & Applications, Birkhauser Boston Inc., Boston, MA, 2006. 
[3] A. Borel and J. C. Moore, Homology theory for locally compact spaces, Michigan 

Math. J. Vol. 7, 2 (1960), 137-159. 
[4] G. Bredon, Sheaf Theory, McGraw-Hill Book Company, New York, 1967. 
[5] M. Bucher-Karlsson, Simplicial volume of locally symmetric spaces covered by 

SL{3,R)/SO{3), Geom. Dedicata 125 No. 1 (2007), 203-224. 
[6] M. Bucher, The proportionality constant for the simplicial volume of locally symmetric 

spaces, Colloq. Math. Ill No 2 (2008), 183-198. 
[7] M. Bucher, The simplicial volume of closed manifolds covered by H 2 x H 2 , J. Topology 

1 (2008), No. 3, 584-602. 
[8] M. Bucher, M. Burger, A. Iozzi, A dual interpretation of the GromovThurston proof 

of Mostow Rigidity and Volume Rigidity for representations of hyperbolic lattices, to 

appear in Trends in Harmonic Analysis, Indam-Springer, 2012. 
[9] M. Bucher, M. Burger, R. Frigerio, A. Iozzi, C. Pagliantini, M.B. Pozzetti, Isometric 

properties of relative bounded cohomology, arXiv:1205.1022. 
[10] M. Bucher, N. Monod. The norm of the Euler class, to appear in Math. Annalen. 
[11] G. de Rham, Differentiable manifolds, Springer (1984). 

[12] J.-P. Demaily, Complex analysis and differential geometry, 2009, http://www- 

fourier.ujf-grenoble.fr/ demailly/mamiscripts/agbook.pdf. 
[13] R. Frigerio, C. Pagliantini. The simplicial volume of hyperbolic manifolds with geodesic 

boundary Algebraic and Geometric Topology 10 (2010) 979-1001. 
[14] M. Gromov, Volume and bounded cohomology, Inst. Hautes Eudes Sci. Publ. Math. 

No. 56, (1982), 5-99 (1983). 
[15] A. Guichardet, Cohomologie des groupes topologiques et des algebres de Lie, Textes 

Mathematiques [Mathematical Texts], vol. 2, CEDIC, Paris, 1980. 
[16] A. Hatcher, Algebraic topology, Cambridge University Press (2002). 
[17] D. Jungreis, Chains that realize the Gromov invariant of hyperbolic manifolds, Ergod. 

Th. Dynam. Sys. 17 (1997), 643-648. 
[18] S. Kim and I. Kim, Simplicial volume ofQ-rank one locally symmetric spaces covered 

by the product of M-rank one symmetric spaces, Algebraic and Geometric Topology, 

12 (2012), 1165-1181 

[19] S. Kim and T. Kuessner, Simplicial volume of compact manifolds with amenable 
boundary, arXiv: 1205. 1375. 

[20] T. Kuessner, Efficient fundamental cycles of cusped hyperbolic manifolds, Pacific J. 
Math. 211 (2003), 283-313. 

[21] J.-F. Lafont, B. Schmidt. Simplicial volume of closed locally symetric spaces of non- 
compact type, Acta Math. 197 (2006), no. 1, 129-143. 

[22] J. M. Lee, Introduction to smooth manifolds, Springer (2006). 

[23] E. Leuzinger, An exhaustion of locally symmetric spaces by compact submanifolds with 

corners, Invent, math., 121 (1995), 389-410. 
[24] C. Loh, ^-homology and simplicial volume, PhD thesis, WWU Miinster, 2007. 
[25] C. Loh, R. Sauer, Degree theorems and Lipschitz simplicial volume for non-positively 

curved manifolds of finite volume, J. of Topology, Vol 2, Nr 1, 2009, 193-225. 
[26] C. Loh, R. Sauer, Simplicial Volume of Hilbert modular varieties, Commentarii Math- 

ematici Helvetici, Volume 84, Issue 3, 2009, 457-470. 
[27] N. Monod, Continuous bounded cohomology of locally compact groups, Lecture Notes 

in Mathematics, vol. 1758, Springer- Verlag, Berlin, 2001. 



PROPORTIONALITY PRINCIPLE 



23 



[28] R.P. Savage, The space of positive definite matrices and Gromov's invariant. Trans. 

of the A. M. S. Vol 274, nr 1, 1982, 239-263. 
[29] W. Thurston. Geometry and topology of 3-manifolds. Lecture Notes, Princeton 

(1978). 



